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Abstract 

Curvature induced phase transition is thoroughly investigated in a four-fermion 
theory with components of fermions for arbitrary space-time dimensions (2 < 
D < 4). We adopt the expansion method and calculate the effective poten- 
tial for a composite operator iljip. The resulting effective potential is expanded 
asymptotically in terms of the space-time curvature R by using the Riemann nor- 
mal coordinate. We assume that the space-time curves slowly and keep only terms 
independent of R and terms linear in R. Evaluating the effective potential it is 
found that the first-order phase transition is caused and the broken chiral symme- 
try is restored for a large positive curvature. In the space-time with a negative 
curvature the chiral symmetry is broken down even if the coupling constant of 
the four-fermion interaction is sufficiently small. We present the behavior of the 
dynamically generated fermion mass. The critical curvature, Rcr, which divides 
the symmetric and asymmetric phases is obtained analytically as a function of the 
space-time dimension D. At the four-dimensional limit our result R^- agrees with 
the exact results known in de Sitter space and Einstein universe. 
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1 Introduction 

After the pioneering work by Y. Nambu and G. Jona-Lasinio,0 the idea of dynamical 
symmetry breaking has played a decisive role in modern particle physics. The idea was 
introduced to discuss the chiral symmetry breaking in QCD. S. Weinberg and L.Susskind 
apply the idea to the electroweak symmetry breaking through the technicolor scenario.! 
There is a possibility that the gauge symmetry of the grand unified theory is broken 
down dynamically. 

It is expected that the primary symmetry of unified theories is broken down at the 
early universe to yield lower level theories which describe phenomena at a lower energy 
scale. The models of unified theories may be tested in critical phenomena at the early 
universe. As a first step to investigate the unified theories much interest has been taken in 
clarifying the mechanism of the spontaneous symmetry breaking under the circumstance 
of the early universe. One of the possible mechanism is the dynamical symmetry breaking 
which is caused by the non- vanishing vacuum expectation value of the composite operator 
psiip which is constructed by a fermion and an anti-fermion. 

In the early universe it is not adequate to neglect the effects of the curvature, tem- 
perature and density.! In the present paper a four-fermion theory is studied as a proto- 
type model of the dynamical symmetry breaking and we study the dynamical symmetry 
breaking caused by the curvature effect in general curved space-time. We assume that 
the space-time curvature is small and evaluate the effective potential of the theory in ar- 
bitrary dimensions, 2 < D < 4. In the GUT era it seems plausible to treat the space-time 
geometry classically. 

Many works have been done in this field. In four dimensions Nambu- Jona-Lasinio 
model is studied by using the weak curvature expansion. In the model the chiral sym- 
metry is restored for a large positive curvature and the phase transition is of the first 
orderfl In the D-dimensional de Sitter space and Einstein universe it is found to exhibit 
the symmetry restoration through the second order phase transition. I. Sachs discuss 
the validity of the weak curvature expansion in four dimensions.0 



We make a systematic study of the four-fermion theory in arbitrary dimensions using 
the weak curvature expansion and show the vahdity of the weak curvature expansion 
for a large positive curvature. In Sec. 2 we introduce a four-fermion theory in curved 
space-time. We employ the expansion method to obtain the effective potential. In 
Sec. 3 we calculate the effective potential in the leading order of the expansion up to 
linear terms in the space-time curvature. In Sec. 4 we evaluate the effective potential with 
varying the curvature and the phase structure of the four-fermion theory is presented. 
We derive the critical point where the phase transition is caused by the curvature effect. 
In Sec. 5 our result is compared with the one obtained in de Sitter spacei and Einstein 
univers and we discuss the validity of the weak curvature expansion. 

2 Four-Fermion Theory in Curved Space-Time 

The four-fermion interaction theory is one of the prototype models of the dynamical 
symmetry breaking. In this paper we consider the simple four-fermion theory with 
components of fermionsB described by the action 



where g is the determinant of the space-time metric (7^,^, D is the space-time dimension, 
V^V the covariant derivative of the fermion field ip, index k represents the flavors of the 
fermion field ip and Aq is a bare coupling constant. In the following, for simplicity, we ne- 
glect the flavor index. Our metric and curvature conventions are taken to be (—,—,—) in 
the notation of the book by Misner, Thorne and Wheeler .111 In two dimensions the theory 
is nothing but the Gross-Neveu model.0 The theory has the discrete chiral symmetry, 
ipip — i> —ipipi and a global SU{N) flavor symmetry. The discrete chiral symmetry pre- 
vents the Lagrangian to have mass terms. Under the circumstance of the global SU{N) 
symmetry we may work in the scheme of the expansion. 

For practical calculations it is more convenient to introduce the auxiliary field a and 
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consider the following equivalent action 
S' = I ^/^rx 



N 



(2) 



Replacing a by the solution of the equation of motion a ~ —^i/ji/j the action (|l]) is 
reproduced. If the non-vanishing vacuum expectation value is assigned to the auxiliary 
field a, then there appears a mass term for the fermion field ip and the discrete chiral 
symmetry is eventually broken. 

We would like to find a ground state of the system described by the four-fermion 
theory. For this purpose we evaluate an effective potential for the auxiliary field cr. To 
calculate the effective potential we start with the generating functional W[J] given by 



exp{iNW[J]) = / [da 



exp i [ S' + 



-gd°x a J 



(3) 

where J is a source function. We pull out an obvious factor N in defining the generating 
functional W^[J]. The effective action T[a] is defined to be the Legendre transform of 
W[J], 

T[a] =W[J]- J ^/^d'^x a J . (4) 

In the leading order of the expansion the effective action T[a] is just equal to the 
semi-classical effective action. Integrating over the fermion field in the Eq.(|^) we obtain 
the effective action of the theory considered here, 



-gd^x 



-^(T^ + i tr ln(i7^ 



+ 0{l/N). 



(5) 



From the effective action we obtain the effective potential V{a) in the leading order 
of the expansion : 



\/ a = — — cr +«trln — - — — 



0(l/iV) 



(6) 



where we normalize the effective potential so that ^(0) = 0. In Eq.(^ the variable a is 
regarded as constant. 



4 



Using the Schwinger proper time methodEl the second term on the right-hand side of 
Eq.(||) is rewritten as 



V{a) = — - ztr ds S{x, x; s) + 0{1/N) , (7) 



.0 Jo 



where S{x, x; s) is the two-point function of a massive free fermion and satisfies the Dirac 
equation in curved space-time : 



Therefore the effective potential is described by the two-point function S{x, x; s) of the 
massive free fermion in curved space-time. 

3 Effective Potential in Weak Curvature Expansion 

We would like to investigate the phase transition induced by curvature effects in gen- 
eral curved space-time. In this section we assume that the space-time curves slowly and 
neglect terms involving higher derivatives of the metric tensor than the third derivative. 
As we have seen in the previous section, the effective potential is obtained directly from 
the two-point function S{x, x; s) of a massive free fermion in curved space-time. Thus 
we start with the argument on the two-point function S{x, y; s) in the weak curvature 
expansion. 

According to the method developed by Parker and Toms,0 the two-point function 
S{x, x; s) is expanded asymptotically about R = 0. For this purpose we introduce the 
bispinor function G{x, y; s) defined by 






(9) 



It satisfies the following equation : 



( 




J -s^^ G{x,y;s) 



1 



(10) 
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Using the Riemann normal coordinated^ with the origin at x we expand the first term 
on the left-hand side of Eq. ( ]T0| ) and find 

-\R'W{y - xTiy - xfd.d. - \R'\{y - xTd, (11) 



G{x,y] s) 



where 



ab 



1 



a 



(12) 



and Latin indices a, b are vierbein indices, ■i]'^'^ the Minkowski metric and the suffix 
denotes tensors at the origin x. Here we keep only terms independent of the curvature R 
and terms linear in R. Inserting the Eq.(|ll]) into Eq.(|l^) and performing the following 
Fourier transformation : 



(13) 



Equation (0) reads 



3 opaOpp 6 



dpa dpp 4 
From the Eq . ([T^) G{p,y) is found to be 

1 1 i?o 2 R'^'^'p^p 



_d_ 

dpa 



(14) 



G{p,y) = l 



G{p,y) 



+ 



+ 0{R,^,R' 



(15) 



Inserting the Eqs.(|T^) and ([T^p into Eq.(^) the spinor two-point function S{x,y; s) in the 

weak curvature expansion is obtained 

d^p 



S{x,y;s) 



(z7^V^ + s) 



(2 



-^p(^-y)G{p,y) 



d°p 
(27r)^' 



-ip(x-y) 



YPa + S 1 7"Pa + S 



p2 _ g2 12 (p2 _ ^2^ 



^g-n- t^t^t^" (jp. _ cdafiP _ g2y 



OiR.,„R'). 



(16) 



By substituting Eq.(|T6|) into Eq.(|^ and integrating over p and s, we obtain the 
effective potential V{a) up to linear terms in the space-time curvature, 

V{a) = V^{a) + V,{a) + 0{R,,, R') , (17) 

where Vo(cr) is the effective potential at -R = 0, 

/ X 1 9 trl / D\ „ , , 

and V[i{cr) is the effective potential linear in R, 

til R / D\ ^ ^ , , 



(47r)°/2 24 V 2 
where trl represents the trace of the unit Dirac matrix. 

We clearly see that the effective potential ([T7|) is divergent in two and four dimensions. 
It happens to be finite in three dimensions in the leading order of the 1/A^ expansion. 
As is well-known, four-fermion theory is renormalizable in two dimensional Minkowski 



space. Therefore the potential (18) is made finite at D = 2 by the usual renormalization 
procedure. In four dimensions four-fermion theory is not renormalizable and the finite 
effective potential can not be defined. We regard the effective potential for D = 4 — e 
with e sufficiently small positive gularization of the one in four dimensions. 

We perform the renormalization in two dimensions by imposing the renormalization 
condition, 



A 

(J=fl 



^ (20) 



da 

where /z is the renormalization scale. From this renormalization condition we get the 

renormalized coupling A, 

1 trl / D 



Replacing the bare coupling constant Aq with the renormalized one A, we obtain the 
renormalized effective potential 



V{a) = i-aV"' + ^^^p-l)r('l--VV"' 
^ ^ 2A 2(47r)^/2^ ^ V 2j ^ 

"1 .r fi - ^1 - ^ «r (i - ^ 1 



(47r)W2/? V 2/ (47r)«/2 24 V 2 



(22) 



In Minkowski space, the renormalized effective potential, V{a)\R=o = Vo(cr), is no longer 
divergent in the whole range of the space-time dimensions considered here, 2 < D < 4. 
The effective potential agrees with the weak curvature limit of the results obtained 
in de Sitter spacei and Einstein Universe.0 

Next we consider the two-, three- and four-dimensional limits of the effective potential 
(|22|) . Taking the two dimensional limit, D ^ 2, we get 



Via) 





\^ trl 











-3 + In 



trl R trl R 



967r 967r 



2- D 



7 + ln47r — In 



(23) 



It is different from the expression obtained in Ref.6. The third term on the right-hand 
side in the Eq.(^) develops an infrared divergence. The divergence appears from the 
mass singularity at cr ^ and the normalization condition 1^(0) = 0. It causes the 
symmetry restoration for any positive values of the space-time curvature R. 
Taking the three dimensional limit D — 3, we find 



Via) 

/i3 



cr 



2A V/i, 



trl 

4:71 



3 



+ 



trl R a 
967r /i^ /i 



(24) 



The effective potential ( P^ exactly reproduces the result obtained in Ref.7. 
If we take the four dimensional limit D —>■ 4, the effective potential 



Via) 



1 



a 



2X \fij 
trl 1 R 



trl 
4(47r) 



61C--U- 



4(47r)2 6/i2 



C-ln 



a 



1 



a 



reads 



where we express the divergent parts as 

c 2 



4-D 



- 7 -Fin 47r + 1 



(25) 



(26) 



We find that there is a correspondence between this result (|25D and the result given in 
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Ref.4 if we make a replacement 



(27) 



where A is a cut-off parameter of the divergent integral appearing in Ref.4. Note here 
that the direct comparison of our result with the result in Ref.4 is possible only after 
renormalizing the coupling constant A in Ref.4 under the renormalization condition (^Ol) . 

4 Phase Structure in Curved Space-Time 

The vacuum expectation value of the auxiliary field (a) is determined by observing 
the minimum of the effective potential. As is well-known in Minkowski space,!' the 
minimum of the effective potential is located at the non-vanishing a for A > Acr and the 
chiral symmetry is broken down dynamically. A critical value of the coupling constant 
which divides the symmetric and asymmetric phases is given by 



A. 



(47r 



,13/2 



trl 



{2i 



For A > Acr dynamical fermion mass is generated. It is obtained by the vacuum 
expectation value of the auxiliary field (a). In the case of i? = the dynamical fermion 
mass mo is known to be 

^ > ( \ , (29) 



"^°=^"^ = ^Ltrir(l-/^/2)VA A, 
where the suffix for uiq is introduced to keep the memory that i? = 0. 



4.1 Phase Structure for A > A 



cr 



First we fix the coupling constant A no less than the critical value Acr and see whether 
the chiral symmetry is restored by curvature effects. To study the phase structure in 
curved space-time we evaluate the effective potential (^) with varying the space-time 
curvature. In Fig.l we present the typical behavior of the effective potential (p2|) for 
several values of the curvature in the case oi D = 2.5 and D = 3.5. Here we adopt the 

9 
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0.8 1 
a/rriQ 
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3.5 



-0.04 - 



-0.06 - 




{b)D = 3.5 



Fig. 1 Behaviors of the effective potential are shown at D = 2.5 and D = 3.5 for fixed A 
(> Ac,.) with varying the curvature where Rcr = 6{D - 2){D{4: - D) /4)(^-^)/(^-2)m^ > 0. 
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Fig. 2 Solutions of the gap equation for fixed A no less than Acr at D = 2, 2.5, 3, 3.5, 4. 

formula trl = 2-°/^. We find that the chiral symmetry is restored as R is increased with 
A fixed. As can be seen in Fig.l, the phase transition induced by curvature effects is of 
the first order. On the other hand the vacuum expectation value of the auxiliary field 
is increased for a negative curvature. We observe the similar behavior of the effective 
potential in the space-time dimensions, 2 < D < 4. As is shown in Fig.l that the 
derivative of the effective potential for i? 7^ is divergent at a = in the space-time 
dimensions 2 < D < 3 while that vanishes in 3 < < 4. 

In the leading order of the 1/A^ expansion the dynamical fermion mass is equal to 
the vacuum expectation value of the auxiliary field (cr). We can find it by observing the 
minimum of the effective potential. The necessary condition for the minimum is given 
by the gap equation : 

^ ' -0. (30) 



do 

The non-trivial solution of the gap equation corresponds to the dynamical mass of the 
fermion. Inserting the Eqs. p^) and (pQ]) into Eq.(^) the non-trivial solution of the gap 
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equation is expressed as 

- m^-' + ^ (l - f ) = • (31) 

In Fig. 2 we plot the non-trivial solution of the gap equation as a function of the space-time 
dimension D. 

Since the phase transition induced by curvature effects is of the first-order, two dif- 
ferent solutions appear for a small positive curvature. The larger solution corresponds to 
the local minimum and the smaller solution represents the first extremum of the effective 
potential. 

At the critical point the effective potential has the same value at two local minimums. 
Thus the critical point is obtained by the solution of Eq. which satisfies the condition 

V{m) = V{<d)={). (32) 



R,r = Q{D - 2) (^^^^-J^ ) ml , (33) 



mcr=(^^^-r^] ^0- (34) 



We solve the Eqs. (pij) and (^) and obtain the critical curvature, 

{4-D)/{D-2) 

4 

and the mass gap at the critical point, 

1/(15-2) 

4 

If the space-time curvature R is no more than the critical value Rcr, the vacuum 
expectation value of the auxiliary field (a) is given by the larger solution of Eq. (|3TD . If 
the space-time curvature R is larger than the critical value Rcr, the chiral symmetry is 
restored and the vacuum expectation value of the auxiliary field (a) disappears. Thus 
the dynamical mass of the fermion looks in Fig. 3. We observe that the mass gap appears 
at -R = Rcr and disappears at the four- dimensional limit. For some special values of D 
Eq.(|33|) simplifies : 

Rcr = ; D = 2 , 

Rcr = lml; D = 3, (35) 
Rcr = 12mg ; D = 4. 
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Fig. 3 Dynamical fermion mass as a function of the space-time curvature. 

For some compact space-times we know the critical curvature without making any 
approximation of the space-time curvature. In the leading order of the expansion 
the exact expressions of the critical curvature is given by 



R,r = D{D - I] 



4/(2-13) 



in de Sitter space! and 



1 t{^]t{^ 

TT V 2 ; V2 



' 



1 2/(2-D) 



(36) 



Rcr = {D-l){D-2) 

in Einstein universe. 

It is easy to see that the critical curvatures given in Eqs.(^) and (|37|) reduce to 



(37) 



Rrr = 12m, 



; 



(3^ 



at the four-dimensional limit. Thus the weak curvature expansion gives the exact result 
for D = A. In Fig. 4 we show the critical curvature R^r as a function of the space-time 
dimensions D. It is clearly seen in Fig. 4 that three lines of the critical curvature reach 
the same value 12mo at D — »• 4. For D = 2 the critical curvature obtained by the 
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Fig. 4 Critical curvature as a function of dimension D. The full line represents the 
critical curvature obtained by the weak curvature expansion. The dotted and the dashed 
lines represent the exact solutions in de Sitter space and Einstein universe respectively. 

weak curvature expansion is exactly equal to that in Einstein universe. In the weak 
curvature expansion the broken chiral symmetry is restored by the effect of an infra-red 
divergence for any positive curvature at D = 2. The critical curvature is thus zero. 
In two-dimensional Einstein universe the critical curvature is also zero. The situation 
is, however, different from the result by the weak curvature expansion. By definition 
two-dimensional Einstein universe is a flat space-time, R = 0. The phase transition is 
induced by the topological effects of the compact space. The space-time curvature R is 
not suitable to represent the phase structure in two-dimensional Einstein universe. 

4.2 Phcise Structure for A < Acr 

Next we fix the coupling constant A smaller than the critical value Acr and study the 
phase structure in curved space-time. We introduce, for convenience, a scale ctq defined 



by 




(39) 
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{b)D = 3.5 



Fig. 5 Behaviors of the effective potential are shown at D = 2.5 and D = 3.5 for fixed A 
(< Xcr) with varying the curvature where K ^ 6{D - 2)(D(4 - L>)/4)(^-^)/(^-2)(72 > 0. 
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Fig. 6 Solutions of the gap equation for fixed A smaller than Acr aX D = 2.5, 3, 3.5. 



In Fig. 5 the behavior of the effective potential ( P^ ) is presented with varying the curvature 
dX D = 2.5 and D = 3.5. We observe only the second order phase transition as the 
curvature is decreased. The chiral symmetry is broken down for any negative values of 
the curvature. Thus the critical curvature is zero in the whole range of the space-time 
dimensions D considered here, 2 < D < A. As is seen in Fig.5 that the derivative of the 
effective potential is divergent at cr = for /27^0in2<D<3. In3<D<4 the 
derivative of the effective potential vanishes at a = 0. 
In the case A < A^ Eg. (|3T|) is modified as 



D-2 



/ D 

H 1 I m 

12 V 2 



D-A 







(40) 



The dynamical mass of the fermion is given by the solution of the Eg. (^OD . In Fig. 6 we 
present the dynamical mass of the fermion as a function of the space-time dimensions D. 
As is expected for the second order phase transition, the dynamical mass of the fermion 
smoothly disappears ai R = Rcr = 0. 
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5 Discussions 

We expect that it will be one of the powerful approaches for testing composite Higgs 
models at the GUT era to study the dynamical symmetry breaking in curved space-time. 
We have considered the Gross-Neveu type model as one of the prototype models of the 
dynamical symmetry breaking and investigated the phase structure in the weak curvature 
expansion. 

In the leading order of the expansion the effective potential is described by the 
two-point function of a massive free fermion. Assuming that the space-time curvature 
is small we calculated the two-point function up to linear terms in the curvature and 
obtained the effective potential. Evaluating the effective potential in the leading order 
of the expansion, we found that the broken chiral symmetry was restored for the 
sufficiently large positive curvature in arbitrary dimensions 2 < D < 4. In the case 
A > Acr, the chiral symmetry is restored for a large positive curvature and the phase 
transition is of the first order. In the case A < Acr, the chiral symmetry is broken for 
any negative values of the curvature and the second order phase transition is caused at 
R = 0. In the both cases we obtained the analytical expression of the critical curvature 
Rcr which divides the chiral symmetric and asymmetric phases. 

The large positive curvature may spoil the validity of the weak curvature expansion. 
Rcr is, however, exactly equal to that obtained in de Sitter spaceQ and Einstein univers 
at Z) — i> 4 shown in Fig.4. In four dimensions ultraviolet divergences appear in terms 
independent of the curvature R and linear in R only and higher order terms are ultraviolet 
finite. Expanding the exact results in de Sitter space and Einstein universe asymptotically 
about -R = 0, we obtain a R^ term of the effective potential in a space-time with a constant 
positive curvature. 

V{a) = Vo{a) + V«(a) + V^^i^r) + 0(i?=^) , (41) 
where Vo(cr) and Vb(o") are given by Eqs.(|18D and (p!9|) respectively, the R^ term Vr2(o") 
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reads 



trl ^/ D\ (D-2)(D-3)(2 + 5D) 



y^-M) = ^1 - - j — ^ -j^^ i."- . (42) 



At the four dimensional limit the R term fH2f) reduces to 



M^ = i£Lil^fc _!!!_,„ Ml (43) 

(47r)2 17280 \^ 66 J ) 

where the divergent part C is defined in Eq.(^). The divergence in Eg. (^31) appears 
from the mass singularity at a ^ and the normalization condition V{0) = 0. Only 
an infrared divergence appears in the R^ term p3|). In the case of compact spaces the 
infrared divergence does not appear. Thus the R^ term has no contribution to the phase 
transition in de Sitter space and Einstein universe. The critical curvature is determined 



by the terms involving ultraviolet divergences at four-dimensional limit and the weak 
curvature expansion gives the exact result. Therefore the weak curvature expansion is 
useful even for a large positive curvature near four dimensions. 

In the other dimensions it does not seem plausible to compare the critical curvature 
(|33|) directly with the results obtained in de Sitter space and Einstein universe, because 
the global topology of the space-time may play a crucial role for the phase transition. 
To discuss the validity of the weak curvature expansion in the other dimensions we must 
introduce the topological effects in the effective potential (^2]). 

We are interested in applying our result to critical phenomena in the early universe. 
For example we would like to study the dynamical scenario of an inflationary universe in 
the four-fermion theory. For this purpose we must calculate the stress-energy tensor of 
the four-fermion theory in an expanding universe and leave it future researches. 
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